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Ahhot^hh. 

The paper is devoted to the study of homeomoephisms with finite 
distortion on the plane with use of the modulus techniques. 

B CTaTbe H3yHaiOTCH rOMeOMOp(pH3MBI C KOHeHHMM HCKaJKeHHeM Ha 
HJIOCKOCTH C HCnOJIb30BaHHeM MO/jyjIBHOH TeXHHKH. 

1 BBe^eHHe 

HenpepbiBHoe OTo6pa»ceHHe 7 OTKpMToro no/iMHOJKecTBa A /reftcTBH- 

TejIBHOH OCH R HJIH OKpyjKHOCTH B D Ha3BIBaeTCH UITpHXOBOH JIHHH- 

eii, cm., HanpnMep, pa3,neji 6.3 b [207]. HanoMHHM, hto jno6oe oTKpbiToe 
MHOJKecTBO AbI coctoht H3 cneTHoro Ha6opa nonapHO HenepeceKaio- 
ihhxch HHTepBajioB . 3to iiaeT MOTHBnpoBKy pjia TepMHHa "niTpnxoBaH 
jihhhh". 

nycTb 3aflaHO ceMeftcTBO T niTpnxoBbix jihhhh 7 b KOMnjieKCHoft 
njiocKOCTH C. BopejieBCKyro (pyHKiiHio g : C —■ [0, 00] Ha3biBaK>T p,o- 
nycTHMoii pjw T, nnrnyT g E adm T, ecjin 

gds > 1 V 7 G T. (1.1) 



7 

nycTb p > 1. Tor/ia p— MOflyjieM ceMeftcTBa T Ha3biBaeTCH BejiHHHHa 
M P (T) = inf / g p (z)dm(z) (1.2) 

C 

r^;e dm{z) cooTBeTCTByeT Mepe Jle6era b C. Iobopht, hto cbohctbo P 
HMeeT MecTO fljia p— n.B. (nouTH Bcex) 7 G T, ecjin noflceMeftcTBO Bcex 
JIHHHH B r, flJIH KOTOpblX P He BepHO HMeeT HyjieBOH p-MOJj,yjib, cp. [42]. 
TaKJKe roBopHT, hto H3MepHMaa no Jle6ery cpyHKiiHH g : C — > [0, 00] 
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HBjiaeTCH o6o6m,eHHO flonycTHMOH pjw T, nnmyT g G ext p adm F, 
ecjin (1.1) HMeeT MecTO p-n.B. 7 G T, cm., HanpuMep, pa3fleji 9.2 b 
[207]. 

2 O eMKOCTSX 

Cjie^ya pa6oTe [204], napy £ = (A, C), ryje icC - c-TKpbiToe mhc-jkb- 
ctbo h C - HenycToe KOMnaKTHoe mhcokkctbo , coflepjKaineeca b A, Ha3bi- 
BaeM KOHdencamopoM. KoH^eHcaTop £ Ha3biBaeTCH KOJibi^eehiM Koudeu- 
camopoM, ecjin B = A\C - kojibho, T.e., ecjin B - o6jiacTb, flonojraeHHe 

KOTOpOH C \ B COCTOHT B TOHHOCTH H3 flByX KOMIIOHeHT. KoHfleHCaTOp 

£ Ha3biBaeTCH ogpauuueHHUM KOHdencamopoM, ecjin MHOJKecTBO A hb- 
jiaeTCH orpaHHHeHHBiM . ToBopHT TaKJKe, hto KOH^eHcaTop £ = (A, C) 
jiejKHT b o6jiacTH D, ecjin A C D. OneBHflHO, hto ecjin /:£)—> C - 
HenpeptiBHoe, OTKpbiToe OTo6pa>KeHne h £ = (A, C) - KOHfleHcaTop b 
D, to (fA,fC) TaKJKe KOH^eHcaTop b fD. ,Hajiee f£ = (fA,fC). 

IlycTb £ = ( A, C) - KOH^eHcaTop. 06o3HanHM Co ( A) nepe3 mho- 
jKecTBO HenpepbiBHbix dpyHKHHH u : A — >■ M 1 c KOMnaKTHbiM HOCHTejieM. 
Wo(£) = Wo (A, C) - ceMeftcTBo HeoTpHHaTejibHbix cpyHKHHH u : A — > M 1 

TaKHX, HTO 1) U G Co (A), 2) u{x) ^ 1 flJIH X G C H 3) U npHHa^JieJKHT 

Kjiaccy ACL h nycTb 




|V«|= I > Jihuf I . (2.1) 

LTpH p ^ 1 BejIHHHHy 

cap„ 5 = cap„ (A, C) = inf [ \Vu\ p dm(z) (2.2) 

Ha3MBaioT p-eMKOcmt>K) KOHfleHcaTopa £. B flajibHelirneM mm 6ya,eM hc- 
nojib30BaTb paBeHCTBO 

ca Pp £ = M p (A(dA,dC;A\C)), (2.3) 

ryje fljia mhcbkcctb S±, S2 h £3 b C, A(5i, £2; £3) o6o3HanaeT ceMeftcTBo 

BCeX HenpepblBHblX KpHBblX, COeflHHHK>III,HX Si h £2 b 53, cm. [194], [201] 
h [216]. Emkocth b KOHTeKCTe TeopHH OTo6pa>KeHHH xoponio OTpaJKeHbl 
b MOHorpacpHH [198]. 

H3BeCTHO, hto npH p ^ 1 



(inf m n _i a) p 

c&p v £ ^ - ' = , (2.4 

p [m(A \ C)]^ 1 
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r,n;e 1(a) - /yiHHa kphboh, r,a,e u-rjiaflKaH (6ecKOHeHHO flHcpcpepeHuiipy- 
eMaa) KpiiBaa, KOTopaa HBjiaeTCH rpaHiiu;eH a = dll orpamiHeHHoro 
OTKpbiToro MHOJKecTBa U, co/;epjKaru,ero C a co/i;epjKaru,erocH BMecTe co 
cbohm 3 aMBiKaHHeM U b A, a TOHHaa hhjkhhh rpaHB 6epeTCH no BceM 
TaKHM a, cm. npefljiojKeHne 5 H3 [205]. 

H3BeCTHO, hto npH 1 < p < 2 

ca Pp 5^27T2 f — - £J [m(C)]— (2.5) 

cm., Hanp., n. 1.4. b [208]. 

IlpH 1 < p < 2 HMeeT MecTo ou,eHKa 

d(C) p 

( ca P P *) > 7 > (2-6) 

ryje d(C) - fliiaMeTp KOMnaKTa C, m(A) - Mepa Jle6era MHOJKecTBa A, 7 - 
nojioJKHTejiBHaa KOHCTaHTa, 3aBHCHinaH tojibko ot p , cm. npe/yicoKeHiie 
b [205]. 



3 O HHXCHHX Q-rOMeOMOp4)H3MaX OTHOCHTejIbHO 

jg-Mo^yjia 

Cjieflyiomee noHHTHe MOTHBitpoBaHO KOjiBii,eBBiM onpeflejieHneM KBa3H- 
kohcpopmhocth no IepiiHry, cm., HanpiiMep, [193]. /Jjih 3a,n;aHHBix o6jia- 
CTeit D h D' b C, zo 6 D, h H3MepHMoft <pyHKii,HH Q : .D — » (0, 00), roBO 

PHT, HTO rOMeOMOp(pH3M / I D —> D' HBJIHeTCH HHJKHHM Q-rOMeOMOp- 
CpH3MOM OTHOCHTejIbHO p-MOflyjIH B TOHKe Zq, eCJIH 

M p (/E(^,ri,r 2 )) > inf f dm(z) (3.1) 

i?(zo,ri,r2) 

fljia KaJKfloro KOjiBu;a 

i?(z ,ri,r 2 ) = {z G C : ri < \z — zq\ < r 2 }, < n < r 2 < d , 

r/i,e do = dist(zo, dD) h S(zo, ri, r 2 ) o6o3HanaeT ceMeftcTBo, Bcex OKpyac- 
HOCTeit C(zq, r) = {z £ C : | z — Zq\ = r}, r G (r±, r 2 ). 

IlpejKfle neM flOKa3BiBaTB ocHOBHyro jieMMy o hhjkhhx Q— roMeo- 
MopcpH3Max OTHOCHTejiBHO p— MOflyjia, npiiBefleM BcnoMoraTejiBHyro jieM-| 
My H3 pa6oTBi [207]. 
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JleMMa 3.1. Ftycmb (X,fi) — u3MepuMoe npocmpaucmeo c KoneuHou 
Mepoil (i, q G (1, oo), u nycmb if : X — > (0, oo) — u3MepuMan djyHKV^usi. 
IIoaomcum 

I((p,q) = inf J pa q dfi, (3.2) 



zde UHcfiuMyM 6epemcn no eceM u3MepuMUM ifiynnyuHM a : X — > [0, oo] 
maKUM, nmo 

j adn = l. (3.3) 
x 



Tozda 



zde 



(p A dfi 



ix 



q q' 



(3.4) 



(3.5) 



m.e. A = l/(q — 1) G (0,oo). KpoMe mozo, undJUMyM e (3.2) docmuza- 
emcsi moAbKO dnsi ifiynnyuu 



zde 



q = 7 • 99 



(p x dfi 



-1 



(3.6) 



(3.7) 



Hhjkb npHBe/;eH KpiiTepiift Toro, hto roMeoMopcpH3M b C HBjiaeTCfl 

HHJKHHM Q-rOMeOMOp(pH3MOM OTHOCHTejIBHO p-MOflyjIH. 

JleMMa 3.2. Ilycmb D - o6jiacmb e C, zq G D, u nycmb Q : D — > 
(0, 00) - u3MepuMan cfjyHKi^un. roMeoMopcfiu3M f : D — > C sieAsiemcn 
humchum Q—zoMeoMopcfju3MOM e mouKe zq omnocumeAbHO p-ModyAH 
npu p > 1 mozda u moAbKO mozda, Kozda 



T2 

M p (fZ(z ,r u r 2 ) > J - 



dr 



p-i ' 



(3.8) 



/ Q^(z)\dz\ 

\C(z ,r) 



dAM ecex < r\ < r 2 < do, zde do = dist(z , dD) u T,(zQ,ri,r 2 ) - 
cejueucmeo ecex OKpymcnocmeu C(zo,r) = {z G C : | z — zq\ = r}, 
r G (ri,r 2 ). HndJUMyM e (3.1) docmuzaemcn moAbKO dAH cfjynKi^uu 
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Qo(z) = ^ — r . (3.9) 

( ; Q**{z)\dz\) 

\C(zo,\z-zo\) J 

,Z]|oKa3aTejiBCTBO. JXfis. jik>6oh cpyHKinin p(z) £ extpddm £(20, n, r 2 )| 
cjie,a,yioinaH BejinnHHa 



J g(z) dA^O n.B. 



C(«>,r) 



h HBjiaeTCH H3MepHMOH no napaMeTpy r, HanpHMep, no TeopeMe cPy6nHH. 
TaKHM o6pa30M, mm mojkbm Tpe6oBaTb paBeHCTBO A g (r) = 1 n.B. BMecTO 

yCJIOBHH flOnyCTHMOCTH (1.1), H 



inf / ^dm(z)= 71 inf / ^ \dz\ ) dr I 

eeextpadmXizoKM) J Q(z) J \ael(r) J Q{z) I } 

R(zo,r u r 2 ) r i \ C(z ,r) I 



r^e I(r) - mhojkbctbo Bcex H3MepnMbix cpyHKirnn a Ha OKpyjKHOCTH 
C(zo,r) TaKHX, hto 

J a(z) \dz\ = 1 . 

C(z ,r) 

HTaK, JleMMa 3.2 cjie/ryeT H3 JleMMbi 7.1 npn X = C(zo,r), fx - 
1— MepHaa fljinHa Ha C(zo,r), tp = ^\c(z ,r)- TeopeMa ,a,oKa3aHa. 

TaKHM o6pa30M, HepaBeHCTBO (3.8) HBjiaeTCH tohhbim pjw hhjkhhx 

Q — rOMeOMOp(pH3MOB OTHOCHTejIBHO p - MOflyjIH. 

HepaBeHCTBO (3.8) mojkho nepenncaTb b HecKOJibKO hhom BH,qe, ko- 
Topbin HHor^a 6ya,eT 6ojiee yn;o6eH fljis flajibHeninero HccjieflOBaHHH. 

TeopeMa. IJycmb Q : D — > (0, oo) — u3MepuMan cfiyHKi^un u f : 
D — > D' — humchuu Q— zoMeoM,op(fiu3M e mouKe z £ D omnocu- 
mejibHO p-ModyjiH npu p > 1, mozda djisi aw6ux < r\ < r 2 < do = 
dist (zq, dD) 



M_z_(/(A(C 1 ,C 2 , J D)))< I J 



i 

T2 \ p-1 

dr 



sde\\Q\\ i (r)= ( f Q^(z)\dz\] 
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/JoKa3ameAbcmeo. ^eftcTBHTejibHO, nycTt < r\ < r 2 < d(zQ,dD) h 
Ci = C(zo,ri), i = 1,2. CorjiacHO HepaBeHCTBaM Xecce a D,HMepa, cm., 
Hanp., [75] h [189], cm. TaKJKe npnjiojKeHHH A3 h A6 b [207], 



Mp (/(A(Ci,C 2 ,D))) < 



(3.10) 



nocKOjibKy /(S(z ,ri,r 2 )) C E (/(Ci), /(C 2 ), /(£>)) , r^e S(z ,ri,r 2 ) 
o6o3HanaeT coBOKynHOCTb Bcex OKpyjKHOCTeit c ueHTpoM b TOHKe Zo> P a< > 
nojiojKeHHbix MejKfly oKpyjKHocTHMH C\ h C 2 , a £ (/(Ci), /(C 2 ), f(D)) 

COCTOHT H3 BCeX KpHBBIX B f (D) , OT,n,ejIHIOII];HX f {C\) H /(C 2 ). H3 COOT- 

HonieHHH (3.10) no npefljiojKemiio ?? nojiynaeM, hto 



M^. (/(A(Ci,C 2 ,D))) < 
p-i 



T-2 



dr 



p-i 



I Q^(z)\dz\ 

\ \C(z ,r) 



p-l 



(3.11) 
□ 



JleMMa. Ftycmb Q : D — > (0, oo) - u3MepuM<ZH cpyuKi^un, Q £ 

i 

^loc C^) u f '■ D ^ D' — HUMCHUU Q— 80MeOMOpcf)U3M 6 ITlOHKe Zq G D 

omHOCumeAbHO p-ModyAn npu p > 1 . IIoAazaeM 

rto{t) = Vl-\\Q\\jL-{zo,t), 
p-i 

zde ||Q|| n _i(zo ) r), r € (n,r 2 ) u I = 7(zo,ri,r 2 ) onpedeAenu e (8) u 
(10), coomeemcmeeHHO. Tozda 



I 



I — - I Q~(z) ■ i]?- 1 (\z - z \)dm(z) < 

R(zo,ri,r-2) 



I 



(3.12) 



/ Q~(z) ■ r]~ (\z — zq\) dm(z) 

R(z ,r 1 ,r 2 ) 

dAM aki6ou u3MepuMou (fiyHKV^uu 7] : (ri,r 2 ) — >■ [0, oo], manou, nmo 

T](r)dr = 1. (3.13) 
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floKaaamejibcmeo. Ecjih I = oo, to jieBaa nacTb cooTHoniemiH (11) 

paBHa Hyjiio h HepaBeHCTBO b stom cjiynae oneBHiiHO. Ecjih / = 0, to 

||C?|| i (zn,r) = oo n.B. r € (e, £o) H °6e nacTH HepaBeHCTBa (11) 

paBHbi 6ecKOHeHHOCTH no TeopeMe <py6HHH h 3aMeHaHHio 1. IlycTb Te- 

nept < / < oo. Torna ||Q|| _j_ (zq, r) /Oh %(r) / 00 n.B. b (e, £ ). 

p-i 

IlojiaraH 

a{r) = rj{r) ■ \\Q\\^_(z ,r) 
p-i 

H 

w(r) = [||Q|| 1 fo.r)]" 1 , 
p-i 

no CTaHflapTHbiM corjiameHHHM 6ya,eM HMeTb, hto rj(r) = a{r)u{r) n.B. 
b (e, £0) H tITO 

£0 

/ l P /" V 

Qp-i (x) ■ ryp- 1 (\z — Zo\) dra(z) = I a?- 1 {r)uj{r) dr. 

A e 

IlpHMeHHH HepaBeHCTBO HeHceHa c BecoM, cm. TeopeMy 2.6.2 b [14], 

p 

k BbinyKjion (pyHKHiin (p(t) = tp- 1 , 3a/iaHHOH b HHTepBajie $7 = (e,Eo), 

C BepOHTHOCTHOH MepOH 



u{E) = j J u(r) dr, 



E 

nojiynaeM hto 

p-i 



j- qp- 1 (r)u(r)dr^j > j- a(r)cu(r) dr = —, 

r/j;e mm TaKHce Hcnojib30Bajin tot cpaKT, hto r](r) = a(r)oo(r) yapBjieTBO- 
paeT cooTHomeHHio (3.15). TaKHM o6pa30M, 

1 



jn-l ' 

hto h npKa3biBaeT (12). □ 
TeopeMa. IJycmb Q : D — >■ (0, 00) — u3MepuMan cfiyuKyutt u f : 

D — > D' — HUMCHUU Q— 80Me0M0pcf)U3M 6 ITlOHKe Zq G D OmHOCU- 

meAbHO p-Modynfi npu p > 1, mozda 3am ak>6ux < r\ < r^ < do = 
dist (zq, dD) 
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M_£_(/(A(Ci,C 2)J D))) < J Q^(z)- V ^(\z-z \)dm(z) 

R(zo,n,r2) 

(3.14) 

3asi ak>6ou u3MepuMou cfiyHKVtUu r] : (ri,r2) — > [0, oo], manou, umo 

ir = \. (3.15) 



y rj(r)dr 



ri 



4 KoHeHHaa JiHnniHijeBOCTb hhxchhx Q-roMeoMop(J)H3MOB| 

OTHOCHTeJIbHO p-MOJJJJlSl. 

B flajibHelinieM paccMaTpiiBaioTCfl OTKpbiTbie mho JKecTB a f2 b C h Henpe- 
pbiBHbie oTo6pa>KeHHH / : — >• C. / :!]^CEa;£l]CC, 

nOJIOJKHM 

L(z,/)=lim B up lf ®~ f l Z)l . (4.1) 

By/i,eM roBopHTB, hto OTo6pa>KeHHe / : f2 — >■ C HBjiaeTCH KoneuHO Aun- 
mui^eeuM, ecjin 

L(*,/)<oo (4.2) 

fljiH Bcex z £ $7, OneBH^HO, hto KajK^oe jiiiniiiimeBO OTo6pa>KeHHe hb- 
jiaeTCH KOHeHHO jiHnniHn,eBbiM. 

HitJKe npHBe^eHa TeopeMa o flOCTaTOHHOM ycjioBHH jioKajibHoft jinn- 

IlfflUeBOCTH B TOHKe flJIfl HHJKHHX Q-rOMeOMOpCpH3MOB OTHOCHTejIBHO p- 

MOflyjia npn p > 2. 

JleMMa 2. Ilycmb D u D' - o6Aacmu e C, Q : D — > [0, oo] 
- AOKdAbHO UHmegpupyeMan tfiynKtiflitt u f : D — > D' - humchuu Q- 
80MeoMopcfju3M orriHocumeAbHO p-ModyAM e monne zq £ D c ycAoeueM 



Qo = limsup + Qp- 1 (z) dm(z) ] < oo. 

£^0 \Jb(z ,e) 

Tozda npu p > 2 uMeeM 



p-i 



i 

-2 



L(z , f) = lim sup \M /( ^ o)l < A p Q - 2 , 

2— Izq \Z — Zq\ 



ede \„ - noAOMCumeAbuan nocmonHHan, aaeucnman moAbKO p. 
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floKaaamejibcmeo. PaccMOTpiiM ccpepunecKoe kojibuo R = R(zo, S\, e 2 )| 
cO < ei < £2 Taxoe, ito R{zq,Si,s 2 ) C D. Tor^a (jB {zq,e 2 ) , /-B (zo,£i))| 
- KOjiBueBoft KOHfleHcaTop b D' a, corjiacHO (??), HMeeM paBeHCTBO 

cap^_ (fB(z ,s 2 ), fB(z , £1)) = M_p_ (A(dfB(z , £ 2 ),dfB(z ,£i); fR)i 
p-i p-i ■ 

a BBHfly TOMeOMOpCpHOCTH /, paBeHCTBO 

A (dfB (z ,s 2 ) , dfB (z ,£i) ;fR) = f (A (3B(*o, s 2 ), dB(z ,£i); R)) . 

PaCCMOTpHM CpyHKUHK) 

t € (ei,e 2 ) 



^ i £2 'ei! t€R\(ei,e 2 ). 

B CHjiy onpeflejieHHH KOJiBueBoro Q-roMeoMopcpH3Ma OTHOCHTejibHO p- 
MOflyjia, 3aMenaeM, hto 



capji_ (fB(z ,s 2 ),fB(z ,s 1 )) < (s2-£i) v- 1 
p-i 



Qp- 1 (z) dm(z) . 



(4.3) 



J\sjiee, BBi6npaH £\ = 2e h e 2 = 4e, nojiyniiM 



cap_z_ (/B(2o,4£),/B(zo,2e)) < (2e)-^ J Q^(z)dm(z) 



C flpyroli cTopoHbi, b cany HepaBeHCTBa (2.5) BbiTeicaeT oueHKa 



(4.4) 



cap_a_ (fB(z , As), fB(z Q , 2s)) > C p [m(fB(z , 2s))} ^-D (4.5) 

rjj;e C p - nojic-JKHTejiBHaH KOHCTaHTa, 3aBHCHmaH tojibko ot p. 
KoM6HHHpya (4.4) h (4.5), nojrynaeM, hto 



m(fB(zo,2e)) 
m(B(z ,2s)) ^ ° p 



B(z ,4e) 



Qp- 1 (z) dm(z) 



2(P-1) 
P-2 



rjj;e Cp - nojiojKHTejibHaa nocTOHHHaa 3aBHCHmaH tojibko ot p. 
JX&jiee, BBi6iipaa b (4.3) £\ = e h e 2 = 2s, nojiyHHM 



c&p_P_ (fB(z ,2s),fB(z ,s)) < e 

p-i 



B{z ,2e) 



(4.6) 



Q~(z)dm(z). (4.7) 
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C /jpyroii ctopohbi, b cnjiy HepaBeHCTBa (2.6), nojiynaeM 

d^(fB(z ,e)) 



cap^ (fB(z , 2e), fB(z Q ,e)) > C p 1 w v u ' " (4.8) 

m —i(fB(z ,2e)) 

rjj,e C p - nojiojKHTejibHaa KOHCTaHTa, 3aBiicHHi,aH tojibko p. 
KoM6nHHpya (4.7) h (4.8), nojiynaeM, hto 



Mm*m\ ^fr ^ 

- "\m(B(z ,2E)) ) \Jb(«„2„ 

r A e l%r nojiojKHTejibHaa KOHCTaHTa, 3aBiicHiu,afl tojibko ot p. 
3Ta oueHKa BMecTe c (4.6) /j;aeT HepaBeHCTBo 



p-i 
p 



d(fB(z ,e)) 



<Ap(/ Qv-i(z)dm(z) 

\Jb(z ,4s) 



2(p-i) 
p(p-2) 



/ Qp- 1 (z)dm(z) 
JB(z ,2e) 



IlepexoflH k BepxHeMy npe/j,ejiy npu e — > HeMe/ijieHHO BBiTexaeT 3a- 

KJIIOHeHHe JieMMBI 

t< n v \f{z)-f{z )\ d(fB(z ,e)) ^ 
L(zo,f)=hmswp : : < limsup <A p Qq , 

2-5>2() \Z — Zq\ £ ^0 ^ 

rjj;e X p - nojioJKiiTejiBHaa nocTOHHHaa, 3aBiicHiu,aH tojibko ot p. 

TeopeMa 3. Ilycmb D u D' - o6Aacmu e C, Q : D — > [0, oo] 

- AOKaAbuo unmezpupyeMaH cf)yHKV,un u f : D —> D' - humchuu Q- 
eoMeoMopcf)U3M orrmocumeAbHO p-Modyjin D c ycAoeueM 

(f _j_ y _1 

limsup + Q p- 1 (z) dm(z) < oo Vxo € D. 

e^O \Jb(z ,s) J 
Tozda npu p > 2 80MeoMopcf)U3M f neAnemcn KoneuHO Aunmuv,eeuM. 

3aMenaHHe. B cooTBeTCTBiin c jicmmoh 10.6 b [207] KOHeHHo jinn- 
rnimeBBie OTo6pa>KeHiiH o6jia/j,aioT ./V-cbohctbom OTHOCHTejiBHO xaycflop- 

CpOBBIX Mep H, TaKHM o6pa30M, HBJIHIOTCH a6cOJIK)THO HenpepBIBHBIMH Ha 
KpiIBBIX. 



5 McKaxceHHe njionjaflH Kpyra. 

B 3tom pa3/j,ejie nojiyueHa oueHKa njiom,a,nii o6pa3a Kpyra npu hhjkhhx 
Q-roMeoMopcpii3Max OTHOCHTejiBHO p-MO/jyjra. BnepBBie oueHKa njioina- 
#h o6pa3a Kpyra npu KBa3HKOH(popMHBix OTo6pa>KeHHHX BCTpeuaeTCfl b 
MOHorpacpioi JlaBpeHTBeBa M.A., cm. [206]. 
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Teopeivia 3.1 IJycmb f - humchuu Q-zoMeoMopcf)U3M B e B orrmo- 
cumejibHO p-Mody/iH. Tozda npu p > 2 uMeem Mecmo oi^euKa 



MfBr)^ 7T- (l + (2vrr 1 (p-2) | 



(5.1) 



a npu p = 2 



m(fB r ) ^ 7rexp < — 4-7T 



7 loiii 



> . 



(5.2) 



/IoKa3ameAbcmeo. PaccMOTpHM ccpepnnecKoe kojibii,o Rt = {x G B ra : 
t < |x| < t+At}. IlycTt (A t+A t, Cf) - KOH^eHcaTop, me C t = B t , A t+A t =| 
Bt+At- Tor^,a (fA t+At ,fCt) - KOJibneBoii KOH^eHcaTop b C h corjiacHo 
(2.3) HMeeM 

cap p (/^+At,/C t ) = M^(A(dfA t+At ,dfC t ;fR t )). (5.3) 

p— 1 p — 1 

B CHjiy HepaBeHCTBa (2.4) nojiynnM 



v 
-l 



cap ^ UMau fC t ) > {iQim ^ )p - , , (5.4) 

™(/^ +A A/c t )~ 

r/;e mi cr - 1-MepHaa Mepa Jle6era C°°-MHoroo6pa3HH a, HBjiaioinerocfl 
rpaHnn;eH a = dU orpaHnneHHoro OTKpbiToro MHOJKecTBa U, coflepjKa- 
mero fCt h coflepjKaru,erocH BMecTe co cbohm 3aMbiKaHneM U b fAt+ A t, 
a TOHHaa hhjkhhh rpaHb 6epeTCH no BceM TaKHM a. 
C flpyroft cTopoHbi, b cnjiy jieMMbi 2.1, HMeeM 

i 

(t+At \ p-i 

/ IIQIlXw ) ' (5 ' 5) 

KoM6HHHpya HepaBeHCTBa (5.4) h (5.5), nojiynnM 



v 



l 

t+At \ p-i 



(infmiO")^" 1 If dr 



m(fA t+At \fC t )^ \J HQII^W 
/^ajiee, BocnojiB30BaBHiHCb H3onepHMeTpHHecKHM HepaBeHCTBOM 
inf mi cr ^ 2 • 7r^ {m(fC t )Y 2 , 
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nojiyHHM 



2-7T2 (m(/C t ))5 < 



m(/A t+At \/C t ) 



f+At 



IlojiaraH &(t) := m(fBt), H3 cooTHomeHHH (5.6) HMeeM, hto 



dr 



(5.6) 



2 • 7T2$2(£) < 



/ \ 

3>(t+At)-$(t) 

At 

t+At 
1 r dr 



(5.7) 



3aMeTHM, hto b cHjiy TeopeMbi 2.3 h roMeoMopcpHocTH oTo6pa>KeHHH 

\\Q\\-j_(r) e LUo,l) 



YcTpeMjiHH b HepaBeHCTBe (5.7) At k Hyjiio, h ynHTtiBaa MOHOTOHHoe 
B03pacTaHHe (pyHKinni <&(t) no t G (0, 1) n paBeHCTBO w ra _i = nSl ra , 
n.B. t HMeeM cymecTBOBaHHe npoH3BO,z;HOH &'(t) h 



2P7r5||g||i(t)<^-. 



(5.8) 



PaccMOTpHM HepaBeHCTBO (5.8) npn p > 2. HHTerpnpya o6e nacTH 
HepaBeHCTBa no t € [r, 1] n ynnTtiBaa, hto 

r 

cm., Hanp., TeopeMy IV. 7.4 b [212], nojiynnM 

2 ( ^t^L 



„ P f dt 2 / 2-P , „ 2-p , \ 

H3 HepaBeHCTBa (5.9) nojiynaeM, hto 

$(r) < -2 p - 1 (2-p)vrl ^ 



(5.9) 



(it 



IIQII i (*) 

HaKOHen,, ynnTbiBaa, hto m(/B) < 7r, npnxoflHM k (5.1). 
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OcTajioct paccMOTpeTt cjiynafi p = 2. B 3tom cjiynae HepaBeHCTBo 
(5.8) npHMeT BH,q: 

^ <m f5 10) 

iioiiiw^ *(*)■ (5 ' 10) 

HHTerpnpyH o6e nacTH HepaBeHCTBa (5.10) no t £ [r,l], yHHTMBaa, 

' In 



1TO 



$(t) " " $(r) ' 

r 

cm., Hanp., TeopeMy IV. 7.4 b [212], nojiyHHM 

$(1) 



47T 



/" eft 



H, cjieflOBaTejibHO, HMeeM 



cxp < 



i 



4tt 



/* dt_ 

J Wi 



V) f " *(r) : 



a noTOMy 



#w «* (1) ' exp {- 4 ' r /ljQE 



hto h npHBOflHT Hac k HepaBeHCTBy (5.2) nocKyjibKy 3>(1) < vr. 



□ 



6 IloBe^eHHe b TOHKe. 

TeopeMa, npiiBefleHHaa b npeflbiflymeft ceKinm, no3BOJiaeT HaM TaKJKe 
onncaTb acHMnTOTHHecKoe noBe^eHHe KOjibueBbix Q-roMeoMopcpH3MOB 
OTHOCHTejIbHO p-MO,n;yjiH b Hyjie. 

IIpefljio»ceHHe 4.1. Ylycm-b f - goMeoMopcfiu3M C e C, /(0) = 0. 
Ecjiu 

m(fB r ) ^vr7e 2 (r), (6.1) 

mo 

liminf ^ 1. (6.2) 

z^o K(\z\) v 7 
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floKaaamejibcmeo. IIojiojkhm lf(r) = min |/(z)|. Tor^a, yHHTbiBaa, hto 

\z\=r 

/(0) = 0, nojiynaeM i:l 2 Ar) ^ m(fB r ) h, cjieflOBaTejibHO, 



m{fB r ) \ * 

TT 



(6.3) 



TaKHM o6pa30M, yHHTbiBaa HepaBeHCTBO (6.1), HMeeM 



lim inf j/f, t| = lim inf \ < lim inf 

^0 U{\z\) r^O U(r) r^O 

IlpefljiojKeHHe flOKa3aHO. 



m(fB r 



TT 



< 1. 



□ 



KoM6iiHHpyH TeopeMy 3.1 h npefljiojKeHHe 4.1 c (pyHKirHeii 

l 



K(r)= l + (2vrr 1 (p-2) | 



i 

"p-2 



npn p > 2 h 



7£(r) = exp < 



-2tt 



IIQII i (*) 



(it 



IIQIIiW 

npn p = 2, nojiynaeM cjie^ryioiiniH pe3yjibTaT. 

Teopeivia 4.2. IlycTb / - KOJitueBoft Q-roMeoMopcpH3M oTHociiTejit- 
ho p-MOflyjia BbB, h /(0) = 0. Tor/i,a npn p > 2 HMeeT MecTO oueHKa 



liminf |/(*)| ■ l + (2^- 1 (p-2) | 



dt 



\ 



VA 



WQW i (*) , 



p-2 



*S 1, (6.4) 



a npn p = 2 



liminf |/(-z)| • exp < 

2— >-0 



2vr 



dt 



1*1 



WQUt) 



^ i. 



(6.5) 



Cjie^CTBHe 4.3. IlycTb / - hhjkhhh Q-roMeoMopcpH3M c-THocHTejit- 
ho p-Mo^yjiH B b B h /(0) = 0. Tor^a npn p > 2 HMeeT MecTO oueHKa 

i 



Wi/wi- /Wz 



< (2^) 1 - p (p-2)~. (6.6) 
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7 O B3aHMOCB33H c KJiaccaMH Co6ojieBa 



TeopeMa 7.1. Ilycmb D u D' - o6jiacmu e C u f : D — >• D' - zo- 

MeoMop$U3M KJiacca Co6ojieea c KonennuM ucKaofcenueM. Tozda 

f MBASiemCtt HUMCHUM Q -Z0Me0M0pcf)U3M0M omuocumeAhHo p-M0dl/Att 6 

KaMcdoti mouKe z £ D c Q(z) = K p (f,z) . 

/JoKasameAbcmeo. IlycTb 53 - mhojkbctbo (6opejieBCKoe!) Bcex Toneic z 

H3 D, B KOTOpblX / HMeeT nOJIHbffl flHCpCpepeHLpiajI C Jf(z) ^ 0. H3BeCT- 

ho, hto 23 mojkho npe/xcTaBHTb b BHfle o6 r be/i,HHeHHH cneTHoro Ha6opa 
6opejieBCKHX MHOJKBCTB 53/, 1 = 1,2,..., tskhx, hto // = /|<b ( hbjihiot- 
ch 6HjiHnniHii,eBbiMn roMeoMopcpH3MaMH, cm., HanpnMep, jieMMy 3.2.2 b 
[37]. Be3 noTepn o6ih,hocth mojkho CHHTaTb, hto 53/ nonapHO He nepece- 
Kaic-TCH. IlycTb 53* - MHOJKecTBO Bcex ToneK z G D, r/xe / HMeeT noiiHMH 
/incpcpepeHnHaji c f z = = 

3aMeTHM, hto no H3BecTHon TeopeMe IepnHra-JlexTO-MeHbiHOBa mho-| 
jKecTBo 53o = D \ (53 U 53*) HMeeT HyjieByio Mepy Jle6era b C, cm. [48] 
n [127]. Cjie^oBaTejibHO, no TeopeMe 2.11 b [94], cm. TaKJKe JieMMy 9.1 b 
[207], Z(7fl53o) = pjw n.B. niTpnxoBbix jihhhh 7 b D. IloKajKeM TaKJKe, 
hto Z(/(7) fl /(53o)) = fljia n.B. oKpyjKHocTen 7 c neHTpoM b TonKe zq. 

IlocjieflHee BbiTeKaeT H3 a6cojnoTHon HenpepbiBHOCTH / Ha 3aMKHy- 
tbix noflfljrax 7 n D jj,jih n.B. OKpyjKHOCTen 7. ^encTBHTejibHO, Kjiacc 

HBJIHeTCH HHBapnaHTHblM OTHOCHTejIbHO JIOKajIbHO KBa3HH30MeT- 

pnnecKHX npeo6pa30BaHnn He3aBHCHMon nepeMeHHon, cm., HanpnMep, 
TeopeMy 1.1.7 b [125], n cpyHKHnn H3 Wh\ a6cojnoTHO HenpepbiBHbi Ha 
jihhhhx, cm., HanpnMep, TeopeMy 1.1.3 b [125]. IlpnMeHHH, k npnMepy, 
npeo6pa30BaHHe Koop/iHHaT \og(z — zq), mm npnxo/rnM k a6cojnoTHOH 
HenpepbiBHOCTH Ha n.B. OKpyjKHOCTHX 7 c n,eHTpoM b tohkb zq. 

TaKHM o6pa30M, ^(7* n /(53o)) = 0, r,qe 7* = f{j), ajih n.B. oKpyjK- 
HocTeit 7 c nenrpoM b tohkk zq. IlycTb Tenepb £* G adm/(r), £* = 
BHe f(D), rjxe r - coBOKynHOCTb Bcex niTpnxoBbix jihhhh, o6pa30BaH- 
hmx nepeceneHHHMH Bcex OKpyjKHOCTen 7 c neHTpoM b tohkb zq. IlycTb 

Q = BHe D H 

q(z): = P*{f(z))(\f z \ + \f z \) flJia n.B. z G D. 

PaccyjKflaa KyconHO Ha 53/, mm HMeeM no TeopeMe 3.2.5 H3 [37] (npn 
m = 1), HTO 

J gds ^ J g*ds* ^ 1 fljia n.B. 7 G T, 

7 7* 

nocKOjibKy ?(/(7) n /(53 )) = 0, a TaKJKe l(f(-f) l~l /(53*)) = fljia 
p-n.B. 7 G r BBH/xy a6cojnoTHon HenpepbiBHOCTH / Ha p-n.B. 7 G T. 
CjieflOBaTejibHo, g G ext p admr. 
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C flpyroli cTopoHu, eme pa3 paccyjKflaa KycouHO Ha 05;, mbi HMeeM 
HepaBeHCTBO 



dm(z) ^ / Q^{w) dm(w), 



J K , P {zJ) 

D f(D) 
nocKOJibKy q(z) = Ha 23*. CjieflOBaTejibHO, mbi nojryuaeM, hto 

p ^ ^ eG cx t P admr J K p (z, /) ^ ^ 

T.e., / fleftcTBHTejibHO HBjiaeTCH hhjkhhm Q— roMeoMopcpH3MOM cQ(z) = 
K p (z,f) OTHOCHTejIBHO p-MOflyjia . □ 
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